ABSTRACT This paper presents a robust control method for heterogeneous vehicle platoon subject to varying road slopes, aerodynamic drag, and wireless communication delay. First, a heterogeneous vehicle platoon is built, including parameter uncertainty, equivalent communication delay, network-induced delay caused by discrete data in sensor and wireless communication, and external disturbance (i.e., road slope and wind). Second, a Lyapunov-Krasovskii functional-based H ∞ controller is designed to generate the statefeedback control which could ensure inner-vehicle stability and string stability of platoon simultaneously. Third, L 2 string stability is proposed to ensure the platoon stability that guarantees the perturbations that do not grow unbounded as they propagate through the platoon. Simulation results indicate the proposed robust controller achieves tracking of desired inter-vehicle spacing and string stable of platoon while comparing with the regular string stability controller.
I. INTRODUCTION
The connected and automated vehicle (CAV) is recognized as one of the techniques which can improve traffic capacity, enhance highway safety, and reduce energy consumption [1] - [4] . One typical application of CAV is the platoon of autonomous vehicles, wherein the lead vehicle informs the following vehicles of its instantaneous location, speed, and acceleration by wireless communication, allowing the followers to follow the leader safely with smaller intervehicle spacing. All vehicles in platoon drive at a harmonized speed, like a train, and cooperate to reduce the aerodynamic drag, and hence improve the energy efficiency of both traffic and individual vehicles.
The pioneering work of platooning technology dates back to 1990s under the Partners for Advanced Transportation Technology (PATH) project in California, USA [5] . Since then, there are a variety of programs running around the world. From 2010 to 2012, the Safe Road Trains for the Environment (SARTRE) ran to develop control strategies which hopefully achieve safe highway platoons that yield energysaving benefits as well. In 2011, a competition, i.e., the Grand Cooperative Driving Challenge (GCDC) was held in Netherlands focusing on the application and promoting of platooning technologies.
There are many studies have been done from the perspective of spacing policies [6] - [8] , information topologies [9] , [10] , delays in communication and vehicle dynamics [11] , [12] , homogeneity and heterogeneity [13] - [15] , centralized and decentralized control [16] , [17] , etc. The goal of most platoon researches is improving the platoon performance, for example, string stability [18] and stability margin [19] . String stability is referred to whether the disturbance will be amplified when propagated downstream along the platoon [20] . The communication delay, information topology, vehicle parameter uncertainty and external disturbances all would affect the string stability of platoon. Chehardoli and Ghasemi [21] studied the stable problem of third-order consensus of homogeneous vehicle platoon in the presence of communication and parasitic delays, and proposed a new linear centralized consensus protocol for simplifying the control of vehicle platoon. Di Bernardo et al. [22] investigated the string stability of platoon with time-varying heterogeneous communication delays, and derived the sufficient conditions ensuring string-stable by using distributed consensus strategy and Lyapunov-Razumikhin theorem. Zheng et al. [19] considered the undirected information topology and size of platoon, and obtained the stability criteria for both undirected and bidirectional information flow. Li et al. [23] presented an H ∞ -based robust controller to resolve the stability problem of platoon subject to node model uncertainty under undirected communication topologies. While considering the external disturbances and parameter uncertainty in interaction topologies, Lin et al. [24] designed a distributed robust control method to maintain the stability of the directed networks with one-order agents. In addition, since wireless communication and radar are both digital systems, the platooning control based on sampled-data are adopted in [25] and [26] .
Although communication delays, parameter uncertainty, external disturbances and discrete characteristics of the information all have been investigated as mentioned, the available researches only take one or a few of them into modeling. To the best of our knowledge, few studies are taking all factors into account. The traditional criterion of string stable, furthermore, that originates from the error transfer function of adjacent vehicles is not suitable for the platoon with external disturbances [27] . Therefore, this paper focuses on the modeling and stable control of heterogeneous vehicle platoon on the straight road subject to external disturbances and communication delays.
The main contributions of this paper are threefold. Firstly, the road slope, wind, wireless communication delays as well as discrete data generated by sensors and communication devices are modeled in the platoon dynamic model. Delays and packet dropout in communication are combined into the equivalent communication delay, while delays caused by discrete data are transferred to the continuous system by network-induced time-delay. Secondly, a Lyapunov-Krasovskii theorem and H ∞ based robust controller is designed to reduce the conservatism of control system and the effect of communication delays and interferences simultaneously. Thirdly, the string stable criterion for platoon with external disturbances and communication delays is proposed by using the L 2 stability.
The remainder of the paper is organized as follows. Section II formulates the platoon control problem and introduces the dynamic modeling of vehicle platoon. Section III designs the robust controller based on LyapunovKrasovskii theorem and H ∞ . Section IV gives the L 2 string stability of vehicle platoon. Section V compares and analyzes the proposed robust controller by simulation. Section VI concludes the paper.
II. PROBLEM DESCRIPTION
The heterogeneous vehicle platoon discussed in this paper consists of n + 1 vehicles with different masses as shown in Fig. 1 , wherein the leader is indexed by 0 and mancontrolled, and the following vehicles are indexed from 1 to n. All vehicles in platoon are powered by electricity and driven by four in-wheel motors (IWMs). Since the wheel is driven by motor directly and the motor offers quick torque response, the effect of inertial lag in following vehicles is not considered in this paper. The aerodynamic drag and gradient resistance are taken as external disturbances. In addition, the communication topology among vehicles is predecessorleader following (PLF) type, as shown in Fig. 1 , which shows higher string stable potential in the literatures [7] , [19] . In this topology, each follower not only receives the states (the position and velocity) of leader instantaneously by wireless communication but also observes its predecessor's states by lidar or radar.
A. MODEL OF VEHICLE DYNAMICS
For each following vehicle in Fig. 1 , the longitudinal dynamics incorporates the tire force, aerodynamic drag, rolling resistance, and grade resistance. Denote S i and V i as the position and speed of the ith vehicle, respectively. Then its dynamics can be described by the following differential equations
where M i is the vehicle mass; F X ,i is the resultant longitudinal tire force; F A , F f , and F g are, respectively, the aerodynamic drag, rolling and grade resistances, which are given by
where C A is the equivalent aerodynamic resistance coefficient; g is the gravitational acceleration; V f is the wind speed and is normally unknown; f is the rolling resistance coefficient; σ i is the road slope angle. In reality, σ i can be estimated by using some advanced positioning technologies, e.g., combining global position system (GPS) and geographic information system (GIS) [28] . However, under the thumb of positioning accuracies, the precise slope angle of road is hardly obtained. In this paper, we treat the V f and σ i as external disturbances which conform to the energy bounded conditions, i.e., 
where
is the nominal vehicle mass; M u and M b are, respectively, the upper and lower bounds of vehicle mass in the following vehicles and satisfy M b < M u ; u i is the input of vehicle system. Then (1) can be rewritten as
where i is the additive uncertainty that satisfies | i | ≤ 1; η is the nominal mass coefficient and η m is the maximum variation of mass coefficient, which can be formulated as
Remark 1: Seeing that all following vehicles in platoon are the electric vehicle driven by IWMs and the only difference among vehicles is the vehicle mass, for the sake of control convenience, we introduce the M † , η, η m and i to transform the heterogeneous vehicle platoon system (1) into the homogeneous system (4) with the parameter uncertainty i , as done in [29] .
B. THE CLOSE-LOOP PLF FORMATION
To ensure a high traffic efficiency [30] , the constant spacing policy is adopted in this paper. In light of Fig. 1 , the spacing and velocity errors between contiguous vehicles under the constant spacing policy can be written as
where L f ,i and L r,i−1 are the distances from center of gravity (COG) to the front and rear axles; D d is the ideal constant vehicle spacing.
According to [19] , the objectives of platoon control are to track the speed of the leader while maintaining a rigid formation by fulfilling the following conditions.
To realize the purposes and simplify platoon control, we choose the linear control law for every following vehicles under the PLF topology. The control law is expressed as
where k j (j = 1, 2, 3, 4) is the control gain to be determined; L i is the sum of all vehicles' lengths between the leader and ith follower;D d,i is the idea vehicle spacing between the leader and ith follower.
To acquire a compact form of heterogeneous platoon system, we define the new tracking error ξ i for follower i as
Then, (8) is rewritten into
In view of (6) and (9), the following equations for ith follower can be obtained
where a 0 is the acceleration of leading vehicle. Considering that the leading vehicle is manned, a 0 may be nonzero and is unknown for following vehicles in this paper. Define
as the state and disturbance of platoon system, then (11) can be rewritten aṡ (12) where
For the control law in (10) , in terms of the PLF topology, the spacing error (ξ i − ξ i−1 ) and velocity error (ξ i −ξ i−1 ) are obtained by using lidar or radar, and ξ i andξ i are got by wireless communication. Whereas the signals of sensor and wireless communication are discrete in time and the phenomena of data delay and data dropouts are ineluctable in wireless communication. Those negative factors may cause the instability of vehicle platoon [25] , [26] and must be considered in platoon control. In this paper, we adopt the methods of network-induced time-delay [31] and equivalent communication delay [32] (see Figs. 2 and 3) to quantify the data delays in sensor and wireless communication. Denote by γ s and γ w the sample frequencies in sensor and wireless communication. Obviously, the data delays generated by the discrete data in sensor and wireless communication during the periods [t s k , t s k+1 ) and
, # ∈ {s, w}, means the kth moment;λ t andε t are delays in sensor and wireless communication.
In addition, according to [32] , the equivalent communication delay including data delay and data dropouts in wireless communication fulfills
where τ t and n d are, respectively, the maximums of communication delay and packet dropout. Substituting (14) and (15) into (10) and hypothesizing τ t ≤ 1 γ w , the control law of ith follower can be rewritten as
whereε t =ε t +ε t . Combining (12) and (16), the model of heterogeneous vehicle platoon can be represented bẏ
where N 2 , C and G are the coefficient matrices which are formulated by (18) ; and K 1 and K 2 are the gain matrices that are represented by (19) .
where the symbol ⊗ means the kronecker product;
III. ROBUST CONTROL OF PLATOON A. CONTROL OBJECTIVES
For heterogeneous vehicle platoon system (17), the performance is defined to be
where γ ≥ 0 is a constant. Since the information delays, parametric uncertainty and external disturbance exist in vehicle platoon, the approach of H ∞ control based on the Lyapunov-Krasovskii functional is adopted to establish the controller. The corresponding robust control problem can be stated as follows: For a memoryless state-feedback controller, find the gains, K 1 ∈ R 2×n and K 2 ∈ R 2×n , for the control law
such that, for any delays,λ t andε t , satisfying 0 <λ t ≤ h 1 , 0 <ε t ≤ h 2 , 1) the closed-loop system of (17) is asymptotically stable under the condition W (t) = 0, ∀t ≥ 0, i.e., the following conditions is satisfied,
2) J (W ) < 0 for all non-zero W (t) fulfilling
3) The transient deviations are not amplified when propagated downstream along the platoon.
Remark 2: The first and second conditions in the above control objectives are to ensure the inner-vehicle stability of the vehicle platoon [25] and [32] , and the last condition is the requirement of assuring the string stability of vehicle platoon.
B. CONTROLLER DESIGN
Before giving the main results, we first give a Lemma, which will play a key role in obtaining the main results.
Lemma 1 [33] : Hypothesize M = M T , S, N and (t) are real matrices with the suitable dimensions. The inequality
holds for all T (t) (t) ≤ I if and only if there exists a positive real number such that
The sufficient conditions that can keep the inner-vehicle stability is got by Theorem 1.
Theorem 1: Considering closed-loop heterogeneous vehicle platoon system (17) . For given time delays h 1 ≥ 0 and h 2 ≥ 0, and scalar γ ≥ 0, the system is asymptotically stable and satisfied J (W ) < 0 for all non-zero W (t) fulfilling
, and any appropriately dimensioned matrices D, U , R, X jk , F jk , and O jk , 0 < k ≤ 6, k = j, such that the following inequalities hold:
and
{·} sym denotes · + · T , and
Choose the Lyapunov-Krasovskii functional to be
where P > 0, Q m ≥ 0, m = 1, 2 and Y > 0, = 1, 2, 3 are to be determined. According to the Newton-Leibnitz formula
the following equations are correct for any matrices D, U, and R with appropriate dimensions:
On the other hand, for any matrices X jj ≥ 0, F jj ≥ 0, and O jj ≥ 0, j = 1, · · · , 6, and any appropriately dimensioned matrices X jk , F jk , and O jk , 0 < k ≤ 6, k = j, the following equation holds: 
Differentiating V (ζ t ) with respect to time along the trajectory of the closed platoon system (17) , adding the left sides of (29) to it, and using (30) and (31) then the following equation can be goṫ 
, then (32) can be rewritten asV
T (t, s) 1˜ T (t, s)ds
Obviously, when ≥ 0, and 1 < 0, theṅ
Integrating (34) with respect to t from 0 to ∞, we can get
where ζ 0 and ζ ∞ are, respectively, the states of vehicle platoon system (17) at time t = 0 and t = ∞. Under the zero initial condition, i.e., V (ζ 0 ) = 0, and V (ζ ∞ ) > 0, the following inequality is obtained
On the other hand, by using Schur complement, it can be proved that (23)- (26) also ensureV (ζ t ) < −κ ζ (t) 2 for a sufficiently small κ > 0. Hence, vehicle platoon system (17) with u i (t) = 0 and w i (t) = 0 is asymptotically stable.
In addition, when h 1 < h 2 , the Lyapunov-Krasovskii functional candidate is
Equation (30c) can be reformulated as
Then, following the procedure for the case h 1 ≥ h 2 generate a similar result; but note that, in this case, k s = −1.
Since (23) is nonlinear, the matrix inequality constraint can not be resolved directly. To solve this issue, the Theorem II is given.
Theorem 2: For the closed-loop vehicle platoon system (17) , the inequality constraints in (23)- (26) 
wherẽ
Furthermore, the feedback gain matrices K 1 and K 2 can be obtained by
Proof: Equation (23) can be rewritten as
Resorting to Lemma 1 and Schur complement, (44) guarantees that the following inequality holds:
For the uncertainties of matrix M in (45), by using the Lemma 1 and Schur complement again, the following inequality is gained
Pre-multiply and post-multiply (45) by , and let
In addition, pre-multiply and post-multiply (24)-(26) by diag{ϒ, P}, (48a)-(48c) can be got.
the following inequality are hold.
Substituting (49) into (48), (40)- (42) are gained. Resolving (39)-(42), if the feasible solutions are existed, then the feedback gains K 1 and K 2 can be acquired from Eq. (43).
Remark 3: In this paper, we adopt the MOSEK, a specialized optimization software designed for solving massive mathematical optimization problems, combined with MATLAB by the YALMIP [34] to solve the LIMs (39) -(42). Though the MOSEK possesses a powerful compute capability, it may fail when the number of following vehicles increases. To enhance the scalability of the proposed control method, considering the advantage of the Razumikhin theorem compared with the Lyapunov-Krasovskii functional, particularly, in resolving the control problem of large-scale networks [35] , we will study the stability of vehicle platoon based on the Razumikhin theorem in the next work.
IV. STRING STABILITY ANALYSIS
In this section, we will prove the acquired gains k 1 , k 2 , k 3 , and k 4 by Theorem II can maintain the string stability of vehicle platoon system (17) . Since the disturbances exist, the conventional definition of string stability (such as in [16] and [30] ) that only involves the maneuver of leading vehicle is not suitable. Herein, we introduce the L 2 string stability to describe the stabilization of vehicle platoon under the disturbances that satisfies the energy bounded condition.
Definition 1: A real-valued scalar function f : R ≥0 → R ≥0 is a K-function if it is continuous, strictly increasing and
Definition 2: For the m dimensional space of piecewise continuous, square-integrable functions, the norm L 2 is defined by
where u = u T (t)u(t), and the space is denoted by L m 2 . Different from [27] , in which the L ∞ type disturbance string stability is offered, since w i (t) ∈ L 4 2 in this paper, the definition of L 2 string stability is given.
Definition 3: Consider the following time-delay nonautonomous platoon systeṁ
where I N = {1, · · · , N } means the N following vehicles; χ i ∈ R n χ is the state vector; w i ∈ R n w is the external input; y i ∈ R m is the output; τ 1 and τ 2 are the time delays; and
. Letχ i be the equilibrium solution of (51) for w i = 0. The system (51) is L 2 string stability if there exist class K functions α and β such that, for any initial state ϕ i (t), t ∈ [−τ, 0], and any
If, in addition, withχ i it also holds that
the system (51) is strictly L 2 string stable. Based on Definition 3 and Theorems 1 and 2, the criterion that can ensure the L 2 string stability of vehicle platoon system (17) can be obtained.
Theorem 3: Consider the platoon dynamics described by (17) - (19) resulting from vehicle dynamics (1) and the PLF-based control law (16) . If the LMIs (39)-(42) are feasibility, the feedback gains K 1 and K 2 acquired from (43) can guarantee the vehicle platoon in (17)- (19) 
In the light of (50), the above inequality can be rewritten as
In addition, it is obvious that ζ 0 = 0 is one equilibrium solution of (17) , thus condition in (52) is satisfied.
Moreover, substituting (16) into (12), one can obtaiṅ
Taking Laplace transform to (56), we gain 
Since ∞-norm of T i zw (s) equals the distance in the complex plane from the origin to the farthest point on the Nyquist plot of T i zw (s), T i zw (jw) is located in a circle with the origin as a center and a radius of γ , as shown in Fig. 4 . 
In addition, because C i in (56) is unit matrix, the transfer function from ζ i−1 to output ζ i is equal to T i
i.e., the condition of strictly L 2 string stability in (53) is fulfilled.
V. SIMULATION AND ANALYSIS
To verify the effectiveness of the proposed robust controller, we conduct a simulation for heterogeneous vehicle platoon which consists of one leader and ten followers on the road with varying slopes. The leading vehicle follows the velocity and acceleration profile as shown in Fig. 5 , whose initial speed is 20 m/s. The road elevation and wind are both treated Table 1 .
For comparison, we also simulate a regular controller, which could ensure the string stability of heterogeneous platoon in the absence of the interference and parameter uncertainty. The control gains of the regular controller arē The results of the platoon simulation are shown in Figs. 9 -11. As shown in Fig. 9 , the initial spacing errors are zero and increase during platoon running. The absolute values of spacing error for following vehicles decrease when propagated downstream along the platoon in the whole time domain, that is, |e 1 | > |e 4 | > |e 6 | > |e 8 | > |e 10 |. This phenomenon indicates the transient errors are not amplified with the vehicle index increasing, i.e., string stability of the platoon can be guaranteed. However, in the non-robust controller, the spacing errors in the following vehicles are hysteretic and do not reduce with the vehicle index increasing as in Fig. 9(b) . For example, during the period from 10 s to 15 s, |e 1 | < |e 4 | < |e 6 | < |e 8 | < |e 10 |, which means the string stability of the platoon is not assured. In addition, the maximum spacing error of robust controller does not exceed 0.3 m, while the maximum spacing error for the nonrobust controller is approximately 1.5 m. Figure 10 shows the velocity tracking errors of the following vehicles. It can be seen that the velocity errors of the robust controller are quite small, while the error of the non-robust controller is almost 2 m/s. Note that the phenomenon of errors amplifying with the increasing vehicle index in Fig. 10 is due to the error accumulation. This conclusion can be verified from Fig. 11 , where the root-mean-square (RMS) errors of speed tracking about the contiguous vehicles are given. From the figure, it can be seen that the speed RMS errors of adjacent vehicles in both regular and robust controls are degenerative with the vehicle index enlarged. However, compared with the robust control, the speed RMS errors of adjacent vehicles in the regular control is more significant, which means that the robust controller can implement more accurate speed tracking.
VI. CONCLUSION
This paper presents a robust distributed control method for heterogeneous vehicle platoon on the road with up-down slopes while suffering stochastic wind and wireless communication delays. Parameter uncertainty, external disturbances and system time delays are all considered in platoon dynamics modeling. The packet dropout and time-delay of wireless communication are unified by the equivalent communication delay, while delays caused by discrete data of sensors and commutation devices are transferred to the continuous system by network-induced time-delay. Then, a robust distributed based on Lyapunov-Krasovskii theorem and H ∞ control is designed to improve the anti-interference ability of the controller. Also, the L 2 stability is used to derive the criterion which could ensure the string stable of this platoon . A comparative simulation between the regular controller and the proposed robust controller is conducted to demonstrate the performance of the proposed method. His research interests include vehicle dynamics and control, vehicular platoon control, intersection management, and applications for electric vehicles.
